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XLIX Bcepoccuiickass MaTeMaTHIeCKasl OJTUMIINA]A MKOJIBHUKOB

9 kJ1acc

Bropoii nesp

Jlnst HATYpaIbHOTO YuCIa n 0003HAYNM depe3 Sy, HaNMMeHbIIee
obree KparHoe Beex [mcen 1,2,..., n. CymiecTByer i Takoe
HaTypaIbHOE YUCIO0 M, 9TO Syt = 45m7

Ha nocky zamucasm 99 4ucesi, cpeji KOTOPBIX HET paBHBIX. B

TETPa/JKy BbIIIXCAJIN 992—98 quceJl — BCE Pa3HOCTHU ABYX YHUCEJI C

JOCKH (KazKJIblil pa3 u3 GOJIBIIEro YHCIa BBITUTAIN MEHBIIIEe).
OkazaJjioch, 4TO B TETpaJiKe Iucj0 1 3ammcano poBHO 85 pas.
[Iycts d — naubosibiiiee uncsio, 3amucanHoe B Terpajike. Haii-
JINTe HaMMeHbIIlee BO3MOYKHOe 3HaUeHue d.

Jlar octpoyrombubiit Tpeyrosbauk ABC, B KoTOopoM AB <
< BC. llyctb M u N — cepemaunnl ctopon AB u AC' coot-
BETCTBEHHO, & H — OCHOBaHUE BBHICOTHI, OIYIIEHHON U3 BEPIITH-
bl B. Brimcannasi OKpy»KHOCTB KacaeTcsi cropoubl AC' B To4-
ke K. Ilpsamas, npoxomsmas depes K u napasuienabnas MH,
repecekaer orpe3ok M N B touke P. JlokaxKurte, 9T0 B Y€ThI-
pexyroibauk AM PK MOXKHO BIHCATh OKPYZKHOCTb.

Haitnure mamboibiiiee 9UCaA0 M TaKoe, 9YTO I JIOOBIX II0JIO-
JKUTEJIBHBIX 9ucesl a, b 1 ¢, cyMMa KOTOPBIX paBHa 1, BBIIOJ-
HEHO HEPABEHCTBO

\/ab +\/ be N ca <
c+ab a+ be b—i—ca/m

Ky6 100 x 100 x 100 pasdouT Ha MUIINOH €IUHUIHBIX KyOu-
KOB; B KaXXJIOM KyOWKe pacIoJIoyKeHa JIaMIIOYKa. [ pu rpanu
60JIBITIOr0 Ky0a, nMerorye OOITyI0 BEPIUHY, OKPAIeHbl: OTHA
KPACHBIM, JIpyTasi CHHUM, & TPeThsd 3ejiéHbIiM. Hazosém cmoab-
yom Habop u3 100 kybukos, obpasyromux 0670k 1 x 1 x 100.
YV kaxkgoro u3 30 000 cToJO10B ecTh O/IHa OKPAaIlleHHas TOPIle-
Bas KJIETKA; B 9TOI KJIETKE CTOUT IEPEKJII0YATE b — HaXKaTHe
Ha 3TOT IepeKJIIovarTesib MeHsdgeT coctrogane Becex 100 jaMmodex
B CTOJI0IE (BBIK/IIOYEHHAS JIAMIIOYKA BKJIFOUAETCsI, & BKJFOUECH-
Hasl BBIKJIIOUaeTcs ). M3HavuabHO Bee JIaMIOYKHU ObLIH BBIKJIIO-
venbl. [lers Hakasl Ha HECKOJBKO TepeKJovaTeseil, MoIyInB
CUTYAINIO, B KOTOPO#l POBHO k JiaMIiouek ropgat. Jlokaxkure,
4TO T0CJIe 3TOTo Bacsa MoxkeT HaXKaTh HA HECKOJIBKO ITEPEKJTIO-
yareseil Tak, IToObI HU OJIHA JIAMIIOYKA HE ropeJia, UCIIO0JIb30-
BaB He Oostee k/100 mepeksrouareseil ¢ KpacHON IpaHu.
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9 kJacc
Bropoii nesp

Jlnst HATYpaIbHOTO YuCIa n 0003HAYNM depe3 Sy, HaNMMeHbIIee
obree KparHoe Beex [mcen 1,2, ..., n CymiecrByer jinm Takoe
HaTypaabHOE YUC/IO M, 9TO Syt = 45m7

Ha nocky zamucasm 99 4wucet, cpejin KOTOPBIX HET paBHBIX. B

TETPa/JKy BbIIIXCAJIN 992—98 quceJl — BCE Pa3HOCTHU ABYX YHUCEJI C

JOCKH (KazKJIblil pa3 u3 GOJIBIIEro YHCIa BBITUTAIN MEHBIIIEe).
OkazaJioch, 9TO B TeTpajKe 4ucJI0 1 3ammcano poBHO 85 pas.
[Iycts d — nmaubosibiiiee 1ncsio, 3anucannoe B Terpajke. Haii-
JINTe HaMMeHbIIlee BO3MOYKHOe 3HaUeHue d.

Jlar octpoyrombubiit Tpeyrosbauk ABC, B KoTOopoM AB <
< BC. llyctb M u N — cepemaunnl ctopon AB u AC' coot-
BETCTBEHHO, a H — OCHOBaHUE BBHICOTHI, OIYIIEHHON U3 BEPIIIH-
bl B. Brimcannasi OKpy»KHOCTB KacaeTcsi cropoubl AC' B To4-
ke K. Ilpsamas, npoxomsmas depes K u napasuienabnas MH,
repecekaer orpe3ok M N B touke P. JlokaxKurte, 9T0 B Y€ThI-
pexyroibauk AM PK MOXKHO BIHCATh OKPYZKHOCTb.

Haitnure mambosbIiiiee 9UCI0 M TAKOE, UTO JJIS JIFOOBIX IIOJIO-
JKUTEJIBHBIX 9ucel a, b u ¢, cyMMa KOTOPBIX paBHa 1, BBIIIOJI-
HEHO HEPABEHCTBO

\/ab +\/ be N ca <
c+ab a+ be b—i—ca/m

Ky6 100 x 100 x 100 pasdouT Ha MUIINOH €IUHUIHBIX KyOu-
KOB; B KayKJIOM KyOHWKe pPacIiojiozKeHa Jjamiodka. Tpu rpanu
60JIBITIOr0 Ky0a, nMerorye OOITyI0 BEPIIUHY, OKPAIIEHbI: OJTHA
KPACHBIM, JIpyTasi CHHUM, & TPeThs 3es1éubiM. HazoBéM cmonab-
yom Habop u3 100 kybukos, obpasyromux 0670k 1 x 1 x 100.
YV kaxkgoro u3 30 000 cToJO10B ecTh O/IHa OKPAaIlleHHas TOPIle-
Bas KJIETKA; B 9TOI KJIETKE CTOUT IEPEKJII0YATE b — HaXKaTHe
Ha 3TOT IepeKJIIovarTesib MeHsdgeT coctrogane Becex 100 jaMmodex
B CTOJI0IE (BBIK/IIOYEHHAS JIAMIIOYKA BKJIFOUAETCsI, & BKJFOUECH-
Hasl BBIKJIIOUaeTcs ). M3HavuabHO Bee JIaMIOYKHU ObLIH BBIKJIIO-
venbl. [lers Hakasl Ha HECKOJBKO TepeKJovaTeseil, MoIyInB
CUTYAINIO, B KOTOPO#l POBHO k JiaMIiouek ropgat. Jlokaxkure,
4TO T0CJIe 3TOTo Bacsa MoxkeT HaXKaTh HA HECKOJIBKO ITEPEKJTIO-
JaTeseil Tak, IToObI HU OJIHA JIAMIIOYKA HE ropeJia, UCIOIb30-
BaB He Oostee k/100 mepeksrouareseil ¢ KpacHON IpaHu.




XLIX Bcepoccuiickass MaTeMaTHIeCKasl OJTUMIINA]A MKOJIBHUKOB

10 kiacc
Bropoii nesp

10.6. s HaTypasibHOTO YnC/Ia 1 0003HATUM depe3 Sy, HamMeHbIIee
obmiee KparHoe Bcex umcen 1,2,...,n . CyIIecTByeT Jin Takoe
HaTypa/abHOEe YUC/IO M, 9TO Syt = 45m7

10.7. Ilera B3sJ1 HEKOTOpbIE TPEX3HAYHbIE HATYPAJbHBIE YHC/IA
ap,at,.. . ,aq U HaIMCAJ Ha JOCKe YpaBHEHUE

a9x9 —i—a8x8 + ... +a2:v2 +a1x + ag = *.
Jokaxkute, uro Bacs cmoxkeT BMeCTO 3BE3/0YKU HAIUCATH
HekoTopoe 30-3HavHOe HATypaJIbHOE YUCI0 TaK, ITOOBI IOJIY-
YUBITIEECs yPaBHEHUE UMEJIO TIEe/IbII KOPEHb.

10.8. Buccekrpuca yria A mapasutenmorpamva ABCD mepecekaer
cropony BC' B Touke K. Ha cropone AB Bbibpana Touka L
tak, 90 AL = CK. Orpeskn AK u C'L niepecekatorcsi B TOI-
ke M. Ha mpomoikenun orpeska AD 3a Touky D oTmedeHa
touka N. UzBecTHO, uTO deThipéxyroabuuk ALM N — Briucan-
ublit. JTokaxkure, uro ZCNL = 90°.

10.9. Hano marypasbnoe uucyio k. Baosnb poporu crodt n ctoaboB
Jepe3 paBHbIEe ITPOMEXKYTKH. Muiiia mokpacua ux B k I[BETOB
U JJI8 KaXKJI0M Tapbl OJIHONBETHBIX CTOJIOOB, MEXKy KOTOPBI-
MM HET JPYTUX CTOJOOB TOTO YK€ IBETA, BBIYUCINI PACCTOSHUE
MeXK Ty HuMH. Bee 9T paccTosinus oKa3aJuch pa3andnbl. [Ipu
KaKOM HamOOJIbIIEM 1 TaK MOIJIO OKA3aThCHA !

10.10. /Toxaxkure, 9TO JIjIs JTIOOBIX TPEX MOJIOKUTETbHBIX BEIIECTBEH-
HBIX YUCEJI T, Y, Z BBIIOJHEHO HEPABEHCTBO

(w—y)\/322 + 12+ (y—2)\/3y% + 22+ (z—x)\ /322 + 22 2 0.



XLIX Bcepoccuiickass MaTeMaTHIeCKasl OJTUMIINA]A MKOJIBHUKOB

10 kiacc
Bropoii nesp

10.6. s HaTypasibHOTO YnC/Ia 1 0003HATUM depe3 Sy, HamMeHbIIee
obmee KparHoe Bcex [mcen 1,2,..., n. CylIecTByeT Jiu Takoe
HaTypa/abHOEe YUC/IO M, 9TO Syt = 45m7

10.7. Ilera B3sJ1 HEKOTOpbIE TPEX3HAYHbIE HATYPAJbHBIE YHC/IA
ag, ai, ..., @9 U HaIIICaJ Ha JOCKe YpaBHEHUE

a9x9 + a8x8 +...+ a2x2 +a1x + ag = *.
Jokaxkute, uro Bacs cmoxkeT BMeCTO 3BE3/0YKU HAIUCATH
HekoTopoe 30-3HavHOe HATypaJIbHOE YUCI0 TaK, ITOOBI IOJIY-
YUBITIEECs yPaBHEHUE UMEJIO TIEe/IbII KOPEHb.

10.8. Buccekrpuca yria A mapasutenmorpamva ABCD mepecekaer
cropony BC' B Touke K. Ha cropone AB Bbibpana Touka L
tak, 910 AL = CK. Otpeskn AK u C'L niepecekatorcsi B TOI-
ke M. Ha mpomoikenun orpeska AD 3a Touky D oTmedeHa
touka N. UzBecTHO, uTO deThipéxyroabuuk ALM N — Briucan-
ublit. JTokaxkure, uro ZCNL = 90°.

10.9. Hano marypasbnoe uucyio k. Baosnb poporu crodt n ctoaboB
Jepe3 paBHbIEe ITPOMEXKYTKH. Muiiia mokpacua ux B k I[BETOB
U JJId KaXKJI0# mapbl OJIHONBETHBIX CTOJIOOB, MEXK]Iy KOTOPDI-
MM HET JPYTUX CTOJOOB TOTO YK€ IBETA, BBIYUCINI PACCTOSHUE
MeXK Ty HuMH. Bee 9T paccTosinus oKa3aJuch pa3andnbl. [Ipu
KaKOM HamOOJIbIIEM 1 TaK MOIJIO OKA3aThCHA !

10.10. /Toxaxkure, 9TO JIjIs JTIOOBIX TPEX MOJIOKUTETbHBIX BEIIECTBEH-
HBIX YUCEJI T, Y, Z BBIIOJHEHO HEPABEHCTBO

(w—y)\/322 + 12+ (y—2)\/3y% + 22+ (z—x)\ /322 + 22 2 0.
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XLIX Bcepoccuiickass MaTeMaTHIeCKasl OJTUMIINA]A MKOJIBHUKOB

11 kuiacc
Bropoii nesp

JList HaTypaJabHOrO Yuca n 0003HAUINM depe3 Sy HauMeHbIee
obmee KparHoe Bcex umcen 1,2,...,n. CylIecTByeT Jiu Takoe
HaTypaabHOEe YUCIO M, 9TO Syt = 45m7

Hazosém niBa unciia nowmu pashvLmMu, €CIM OHU PABHBI UJTH OT-
JITYAIOTCA JIPYT OT JIpyra He Oojiee, YeM Ha eJuHuily. Bepno s,
9TO U3 JTIOOOTO MPSIMOYTOJIBHAKA C HATYPAJIbHBIMI CTOPOHAMUI
MOXKHO BBIPE3aTh KAKOW-HUOY/Ib MPSIMOYTOJBHUK C HATYPAJIb-
HBIMH CTOPOHAMH, ILJIOINIA/Ib KOTOPOTO MOYTH paBHA MOJOBUHE
IJIOMIAJIM UCXOIHOTO mpsaAMoyTrobHrKa? CTOPOHBI BhIPE3aeMOo-
ro HIpSAMOYTOJIbHUKA He 00s3aTeIbHO MMapaJsiie/ibHbl CTOPOHAM
HCXOTHOTO IPAMOYTOJIbHIKA.

Touka O —UEHTDP ONKMCAHHONW OKPYXKHOCTHU OCTPOYTOJIBHOTO
HepaBHOOeIperHOro Tpeyroybauka ABC. Ha Ouccekrpuce yr-
ima ABC Buyrpu tpeyroabauka ABC ormedena touka D, a
Ha orpeske BD —touka E Tak, uro AF = BE u BD = CD.
Toukn P u () — 1eHTPBI OKPYKHOCTEI, ONMMCAHHBIX OKOJIO TPe-
yronmbankoB AOF n COD coorBercrBerHo. Jlokaxkure, ITO
rouku A, C', P u () nexar Ha OJIHOI HPsSMON WU Ha OJHOI
OKPY?KHOCTH.

Jlanbl HeHYyJIEBBIE YncCIa a, b, ¢. JlokaxkuTe, ITO BBITOIHIETCS
HEPABEHCTBO

b b

a C

C C

b

+ lbe + 1| > 1.

B crpane 2n ropojioB (n — HaTypasabHOE), HEKOTOpPbIE U3 HUX
coeJuHeHbl ABYCTOPOHHUMU 66CHOC&,ZLOLIHI)H\H/I aBUAJIMHUAMU.
N3 moboro ropojia MOXKHO MOTIACTD B JIIO0OOM JIPYTOil, BO3MOXK-
HO, ¢ mepecajkamu. [IpesmmeHT Xo4uer pasjesMTh CTpaHy Ha
JiBe 00JTaCTH W BKJIIOUUTH KaKJIbII TOPOJ B OJIHY U3 JBYX 00-
sacreii. Ipu aTom aBramnaum pas3aenasarcs Ha k MexK00IaCTHBIX
1 m BHYTPHOOJIAcTHBIX. /loKaKuTe, 9TO MPe3nIeHT MOXKET JI0-
OUTHCA TOrO, ITOOBI BBITIOJIHAIOCH HEPABEHCTBO k — m > N.
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11 kuiacc
Bropoii nesp

JList HaTypaJabHOrO Yuca n 0003HAUINM depe3 Sy HauMeHbIee
obmiee KparHoe Bcex umcen 1,2,...,n. CyIIecTByeT Jin Takoe
HaTypaabHOEe YUCIO M, 9TO Syt = 45m7

Hazosém niBa unciia nowmu pashwvimu, €CJIn OHU PaBHBI WA OT-
JITYAIOTCA JIPYT OT JIpyra He Oojiee, YeM Ha eJuHuily. Bepno s,
9TO U3 JTIOOOTO MPSIMOYTOJIBHAKA C HATYPAJIbHBIMI CTOPOHAMUI
MOXKHO BBIPE3aTh KAKOW-HUOY/Ib MPSIMOYTOJBHUK C HATYPAJIb-
HBIMH CTOPOHAMH, ILJIOINIA/Ib KOTOPOTO MOYTH paBHA MOJOBUHE
IJIOMIAJIM UCXOIHOTO IpsAMoyTroibHIKa? CTOPOHBI BBIPE3aeMO-
ro HIpSAMOYTOJIbHUKA He 00s3aTeIbHO MMapaJsiie/ibHbl CTOPOHAM
HCXOTHOTO IPAMOYTOJIbHIKA.

Touka O —UEHTDP ONKMCAHHONW OKPYXKHOCTHU OCTPOYTOJIBHOTO
HepaBHOOeIperHOro Tpeyroybauka ABC. Ha Ouccekrpuce yr-
ima ABC Buyrpu tpeyroabauka ABC ormedena touka D, a
Ha orpeske BD —touka E Tak, uro AF = BE u BD = CD.
Toukn P u () — 1eHTPBI OKPYKHOCTEM, OMUCAHHBIX OKOJIO TPe-
yronmbankoB AOFE n COD coorBercrBerHo. Jlokaxkure, 9TO
rouku A, C', P u () nexar Ha OJIHOI HPsSMON WU Ha OJHOI
OKPY?KHOCTH.

Jlanbl HeHyJIeBBIE YncCaa a, b, c. JlIokaxkuTte, 9TO BBIIOJHAECTCS
HEPABEHCTBO

b b

a C

C C

b

+ lbe + 1| > 1.

B crpane 2n ropojioB (n — HaTypasbHOE), HEKOTOPbIE U3 HUX
coeJuHeHbl ABYCTOPOHHUMU 66CHOC&,ZLOLIHI)H\H/I aBUAJIMHUAMU.
N3 m060oro ropojia MOYXKHO MOTIACTD B JIIO0OOM JIPYTOii, BO3MOXK-
HO, ¢ mlepecajikaMu. lIpe3uaeHT xodeT pasne/nTh CTpaHy Ha
JiBe 00JTaCTH W BKJIIOUUTH KaKJIbII TOPOJ B OJIHY U3 JBYX 00-
sacreii. Ipu aTom aBramnaum pas3aenasarcs Ha k MexK00IaCTHBIX
1 M BHYTPHOOIAcTHBIX. JloKaKuTe, 9TO IPEe3uIeHT MOXKET JI0-
OUTHCA TOrO, ITOOBI BBITIOJIHAIOCH HEPABEHCTBO k — m > N.



